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Direction-dependent Jeans instability in an anisotropic Bianchi type I space-time
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We derive the metric for a Bianchi type I space-time with energy density that is dominated by
that of a perfect fluid with equation of state p = wρ and whose anisotropy is seeded by a fixed norm
spacelike vector field. We solve for the evolution of perturbations about this space-time. In partic-
ular, the Jeans instability in an expanding flat Friedmann-Robertson-Walker universe is modified
by the presence of the vector field so that energy density perturbations develop direction-dependent
growth. We also briefly consider observational limits on the vector field vacuum expectation value,
m. We find that, if m is constant during recombination and thereafter, m . 1014GeV .
I. INTRODUCTION
The Universe is usually assumed to be homogeneous
and isotropic on large scales. In this paper, we make
progress in testing the assumption of isotropy by ex-
ploring a particular model of isotropy-breaking involving
fixed-norm spacelike vector fields minimally coupled to
gravity. Asymmetries (like anisotropy) that have been
very nearly ruled out in the current cosmological epoch
could have been present in the early Universe; the sig-
natures of asymmetries long ago could be very subtle
and therefore not ruled out experimentally. Further-
more, although rotational symmetry breaking in Stan-
dard Model particle interactions is very tightly con-
strained (see, for example, Refs. [1, 2, 3, 4, 5, 6, 7]),
isotropy-breaking through minimal coupling to gravity is
not as well-constrained [8, 9, 10, 11].
In trying to understand a broken symmetry, it is often
convenient to study a particular model that provides the
mechanism for symmetry breaking. There is a class of
natural models for breaking Lorentz invariance sponta-
neously involving fixed-norm vector fields. Fixed-norm
timelike vector field models that break Lorentz invari-
ance but not rotational invariance have been extensively
studied [12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24,
25, 26]. For a review, see [27].
Recently, there has been interest in the consequences
of a small breaking of rotational invariance during the
inflationary era [28, 29, 30, 31, 32, 33, 34, 35]. A variant
of the models of Refs. [14], [22], and [12] provide a conve-
nient framework with which to explore such consequences
[29, 36]. The model involves a spacelike, fixed-norm vec-
tor field, uµ with Lagrange density [14],
Lu = −β1∇µuσ∇µuσ − β2(∇µuµ)2
− β3∇µuσ∇σuµ + λ(uµuµ −m2) . (1)
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Here λ is a Lagrange multiplier that enforces the fixed
norm constraint gµνu
µuν = m2. The Lagrange multi-
plier term can be thought of as encoding the energy-
minimizing effects of a smooth potential. The four-vector
uσ is spacelike and induces the spontaneous breaking of
rotational invariance when m2 > 0. (A timelike four-
vector would break Lorentz invariance but not necessar-
ily rotational invariance.) A model for the breaking of
isotropy during the inflationary era with dynamics gov-
erned by the action,
S =
∫
d4x
√−g
(
1
16πG
R− ρΛ + Lu
)
, (2)
where ρΛ is a constant energy density, was considered in
[29] in the interest of understanding effects of isotropy
breaking during inflation on the cosmic microwave back-
ground (CMB).1 When coordinates are chosen such that
the x3-axis is parallel to the direction along which the
vector field gets its vacuum expectation value (VEV),
the resultant space-time is given by [29],
ds2 = −dt2 + a(t)2dx2⊥ + b(t)2dx23, (3)
where,
a(t) = eHat, b(t) = eHbt, (4)
and,
Ha =
a˙
a
= Hb(1 + 16πGβ1m
2),
Hb =
b˙
b
=
√
8πGρΛ
(1 + 8πGβ1m2)(3 + 32πGβ1m2)
. (5)
In the quest toward testing the standard assumption of
spatial isotropy in our Universe, it is informative to con-
sider the existence and properties of other anisotropic
1 A related 5-dimensional model was recently considered in [37] as
a way to hide large extra dimensions.
2space-times seeded by a fixed-norm vector field. To this
end, we consider a universe with a fixed-norm spacelike
vector field, permeated by a perfect fluid with equation
of state p = wρ where w is constant. We consider this
perfect fluid case because (1) it can model relevant cos-
mological epochs such as radiation (w = 13 ) and cold
non-relativistic matter (w = 0) domination and (2) it is
the next most mathematically tractable example of an
anisotropic space-time. The case w = −1 corresponds to
a vacuum energy density as considered in [36].
We assume that the space-time geometry is approx-
imately spatially flat; Ref. [38] found that an approxi-
mately spatially flat geometry is preferred if anisotropy
is to remain small. Considering this particular model
of spontaneous isotropy-breaking when ordinary matter
is present allows us to study the modified behavior of
matter and metric perturbations—in particular the mod-
ification of the Jeans instability. This particular model
also provides an example of an expanding Bianchi type
I space-time that does not evolve to be isotropic. Also,
the deviation from isotropy can be tuned by a single pa-
rameter.
In Ref. [36], an analysis of vector field perturbations in
flat space led to the requirement for energetic stability:
β1+β2+β3 = 0 and β1 > 0. This result carries over to our
present analysis (since the analysis in [36] was indepen-
dent of gravity and other matter fields). We shall further
suppose that an analysis of energies in non-Minkowski
space would lead to the requirement that the vector field
Lagrange density take the form of a field strength tensor
squared (Lu ∼ FµνFµν) in both Minkowski and non-
Minkowski space-time.2 Therefore, we consider,
Lu = −1
4
FµνFµν + λ(u
µuµ −m2), (6)
where Fµν = ∇µuν − ∇νuµ. We have set β1 = 1/2 in
order to canonically normalize the kinetic term. Thus
the parameter m2 completely characterizes the deviation
from isotropy.
II. BACKGROUND SPACE-TIME
We take the following action to govern our model,
S =
∫
d4x
√−g
(
1
16πG
R+ Lfluid + Lu
)
, (7)
where Lu is given by Eq. (6).
2 In Minkowski space, β1 + β2 + β3 = 0 corresponds to a field
strength squared Lagrange density, while in curved space a field
strength squared Lagrange density corresponds to the more re-
stricted case, β1 = −β3 and β2 = 0.
The energy-momentum tensor for uµ derived from (6)
is [14],
T (u)µν = FµρFν
ρ + gµνLu + uµ
(
gνσ − uνuσ
m2
)
∇ρF ρσ
+ uν
(
gµσ − uµuσ
m2
)
∇ρF ρσ + uµuν
m2
uσ∇ρF ρσ. (8)
The fluid stress energy tensor is given by,
T (fl)µν = (ρ+ p)vµvν + pgµν , (9)
where vµ is the fluid’s four-velocity and ρ and p are the
energy density and pressure in the fluid’s rest frame. Tak-
ing the equation of state to be of the form p = wρ, the
stress-energy tensor takes the form,
T (fl)µν = ρ [(1 + w)vµvν + wgµν ] . (10)
We assume the fluid is homogeneous and isotropic in its
rest frame, so ρ = ρ(t).
A. Solving Einstein’s equations
We choose coordinates such that the fluid is at rest.
Since the fluid is isotropic, we still have the freedom to
choose spatial coordinates such that the x3 axis aligns
with the isotropy-breaking vector field . However, a pri-
ori, the vector field may still have a timelike component
in the rest frame of the fluid. But, as is natural, we will
assume that the vector field aligns such that it has no
timelike component in the rest frame of the fluid. We
hope to address this alignment issue in a future publica-
tion.
Taking the vector field to have no timelike component,
we have,
u¯µ = m
√
g¯33ηµ3, (11)
where g¯µν is the background metric. We make the ansatz
for the background metric,
ds2 = −dt2 + a2(t)dx2⊥ + b2(t)(dx3)2, (12)
where dx2⊥ = (dx
1)2 + (dx2)2. This is an axisymmetric
Bianchi type I geometry. Given Eqs. (11) and (8), the
nonvanishing components of the background stress tensor
for the vector field are [29],
T¯
(u)
00 =
1
2
m2
(
b˙
b
)2
,
T¯
(u)
11 = T¯
(u)
22 =
1
2
m2a2
(
b˙
b
)2
, (13)
T¯
(u)
33 =
1
2
m2b2

( b˙
b
)2
− 2
(
b¨
b
)
− 4
(
a˙
a
)(
b˙
b
) .
3Note that the background solution satisfies the weak en-
ergy condition if,
1 + w ≥ 4ǫ
3 + 4ǫ
, (14)
where we have defined,
ǫ ≡ 4πGm2. (15)
The field equations,
Gµν = 8πG
(
T (u)µν + T
(fl)
µν
)
, (16)
give the following non-trivial equations (µ = ν = 0, µ =
ν = 1 and µ = ν = 3 respectively) for the background:
(
a˙
a
)2
+ 2
(
a˙
a
)(
b˙
b
)
= 8πGρ¯(t) + ǫ
(
b˙
b
)2
, (17)
(
a¨
a
)
+
(
b¨
b
)
+
(
a˙
a
)(
b˙
b
)
= −8πGwρ¯(t)− ǫ
(
b˙
b
)2
,
(18)
2
(
a¨
a
)
+
(
a˙
a
)2
= −8πGwρ¯(t)
− ǫ


(
b˙
b
)2
− 2
(
b¨
b
)
− 4
(
a˙
a
)(
b˙
b
)
 . (19)
Although it is not independent, it is helpful to consider
the continuity equation,
0 = ∇µ
(
T
(u)
µ0 + T
(fl)
µ0
)
|background
= ˙¯ρ+ (1 + w)ρ¯
(
2
(
a˙
a
)
+
(
b˙
b
))
. (20)
We can simplify this equation in the usual way to deter-
mine the relationship between the scale factors and the
energy density ρ¯,
˙¯ρ
ρ¯
= −(1 + w)
(
2
(
a˙
a
)
+
(
b˙
b
))
= −(1 + w) 1
a2b
d
dt
(
a2b
)
. (21)
The solution for the time dependence of ρ¯ is given by,
ρ¯(t)
ρ¯(t0)
=
(
a2(t0)b(t0)
a2(t)b(t)
)1+w
. (22)
There are two linear combinations of the field equa-
tions (17)-(19) that are independent of ρ¯:
(
a¨
a
)
+
(
b¨
b
)
= ǫ(w − 1)
(
b˙
b
)2
− (2w + 1)
(
a˙
a
)(
b˙
b
)
− w
(
a˙
a
)2
, (23)
(
a¨
a
)
−
(
b¨
b
)
= 2ǫ
[(
b¨
b
)
+ 2
(
a˙
a
)(
b˙
b
)]
−
(
a˙
a
)((
a˙
a
)
−
(
b˙
b
))
. (24)
It is clear from the form of these linear combinations
that the solution is of the form a(t) ∝ tα and b(t) ∝ tβ .
A third independent equation implies ρ¯(t) ∝ t−2 (when
w 6= −1) and thus, by Eq. (22),
(2α+ β)(1 + w) = 2. (25)
We find from these equations that,
α =
2(1 + 2ǫ)
(1 + w)(3 + 4ǫ)
, (26)
β =
2
(1 + w)(3 + 4ǫ)
. (27)
The background metric satisfies the following equa-
tions,
Ha(t) =
a˙
a
= Hb(t)(1 + 2ǫ), (28)
Hb(t) =
b˙
b
=
√
8πGρ¯(t)
(1 + ǫ)(3 + 4ǫ)
. (29)
These relationships between Ha, Hb, and ρ¯ are iden-
tical in form to the relationships, Eqs. (5), that were
found in Ref. [29] for the case of a deSitter-like space-
time (i.e. w = −1). For w 6= −1, we have just found
that
ρ¯(t) = ρ¯(t0)
(
t0
t
)2
, (30)
as in the case of a flat FRW universe.3 However, since ǫ >
0, the direction in which the fixed-norm spacelike vector
gets a VEV expands more slowly than in the isotropic
3 This indicates that evolution equations parameterized by cosmic
time do not have a smooth limit w → −1, since for w = −1 the
energy density is constant.
4case, while the transverse directions expand more quickly.
We assume the deviation from isotropy will be small, so
ǫ << 1; in this limit,
a˙
a
≃ 2
3(1 + w)t
(
1 +
2
3
ǫ
)
, (31)
b˙
b
≃ 2
3(1 + w)t
(
1− 4
3
ǫ
)
. (32)
In the isotropic limit (ǫ→ 0), the flat FRW metric for a
perfect fluid with equation of state p = wρ is recovered.
III. CLASSICAL STABILITY
A viable model of isotropy breaking must be at least
classically stable against small perturbations. In [36], it
was shown that the space-time given by Eqs. (3)-(5) is
classically stable against small perturbations for a range
of parameters. More specifically, the authors analyzed
the equations of motion for vector field perturbations
in flat space and showed that when the parameters in
Eq. (1) satisfy β1 + β2 + β3 = 0 and β1 > 0, the energy
of field configurations that satisfy the Euler-Lagrange
equations of motion is non-negative at all orders in per-
turbations. When β1 + β2 + β3 6= 0, negative energy
modes propagate. Thus models with β1 + β2 + β3 6= 0
were deemed unstable. Also, Einstein’s equations were
solved in the limit where mode wavelengths are much
smaller than the Hubble radius, and in the opposite limit
where mode wavelengths are much longer than the Hub-
ble radius. Modes in the short wavelength limit were
shown to propagate as luminal plane waves with con-
stant amplitudes. Short wavelength modes with superlu-
minal phase velocities were found to propagate unless
β1 + β3 = 0 and β2 = 0. Modes in the long wave-
length limit were shown to have only constant parts
and parts that decay as e−(2Ha+Hb)t = 1/(a2(t)b(t)) or
e−16πGm
2β1Hbt = b(t)/a(t).
We now consider small perturbations about the back-
ground given by Eqs. (11), (12), (28), and (29). How-
ever, let us first recall the story of perturbations in an
expanding, flat FRW universe. For perfect fluids with
constant equation of state, physical (i.e. gauge invariant)
perturbations can behave differently depending on the
scale of the wavelength of the perturbation.4 Modes with
wavelengths shorter than the Jeans wavelength (which is
on the order of
√
wH−1) will oscillate as plane waves.
Modes with wavelengths much larger than H−1 decay or
4 Homogeneity of the space-time allows for perturbations to be
Fourier-transformed in space and guarantees that modes with
different Fourier wave numbers will evolve independently.
remain constant. Modes—in particular, the energy den-
sity perturbation—at the intermediate scale can grow or
decay; this is the Jeans instability in an expanding uni-
verse. The instability is most efficient when w ≈ 0 since
the Jeans wavelength goes to zero when w→ 0.
We study only the very short wavelength (i.e. |√wk| ≫
H) and long wavelength (i.e. |√wk| ≪ H) limits. How-
ever, when w = 0, the very short wavelength limit as
stated does not exist. For w = 0, we study the limit,
k ≫ H ; the Jeans instability is manifest at this scale.
Considering the very short wavelength and long wave-
length limits is enough to establish stability as compared
to the isotropic case. We assume that we can glean the in-
teresting physics of the Jeans instability in an anisotropic
FRW-like universe by considering an intermediate (short)
wavelength scale in only the w = 0 case.
A. Parameterizing independent perturbations
We define the ten (comoving) metric perturbations by
(hµν = hνµ),
ds2 = −(1 + h00) dt2 + 2a(t)h0i dtdxi
+ 2b(t)h03 dtdx
3 + 2a(t) b(t)hi3dx
idx3 (33)
+ a(t)2 (δij + hij)dx
idxj + b(t)2(1 + h33)(dx
3)2.
We define the vector field perturbations and fluid velocity
perturbations by,
δuµ = uµ − u¯µ, (34)
δvµ = vµ − v¯µ, v¯µ = −g¯0µ. (35)
We make the approximation that the fluid’s equation of
state is unperturbed (so p− p¯ = wρ¯δρ) and that the shear
stress perturbations are negligible compared to the pres-
sure perturbations.5 This is an excellent approximation
for a matter dominated era and a radiation dominated era
before neutrino decoupling. (See, for example, [40, 41].)
Since vµvµ = −1, the timelike fluid velocity pertur-
bation is given by, δv0 = −(1/2)h00, leaving only three
independent fluid velocity field components. Also, the
vector field constraint, uµu
µ = m2 implies that δu3 =
−(m/2b)h33, so there are only three independent vector
field perturbations.
It is convenient to define the comoving fluid velocity
perturbations (i.e. the peculiar velocity of the fluid) by
(i ∈ {1, 2}):
δvi =
V i
a(t)
, δv3 =
V 3
b(t)
. (36)
5 Assuming δρ = wδp is equivalent to assuming that the pertur-
bations are adiabatic. See, for example Chapter 6 in Ref. [39].
5Similarly we define the comoving vector field perturba-
tions,
δu0 = mU0, δui = m
U i
a(t)
. (37)
Finally, we define the fluid energy density contrast by,
δρ =
ρ
ρ¯
− 1. (38)
B. Gauge choice
We can use diffeomorphism invariance to remove four
of the seventeen perturbations just discussed. Under an
infinitesimal coordinate transformation, xµ → xµ + ξµ,
the vector field transforms to uλ +∆uλ where,
∆uλ = u¯µ∂µξ
λ − ξµ∂µu¯λ, (39)
and similarly vµ → vµ +∆vµ where,
∆vλ = v¯µ∂µξ
λ − ξµ∂µv¯λ. (40)
The metric transforms to gµν +∆gµν where,
∆gµν = −(∇¯µξν + ∇¯νξµ). (41)
In analyzing short wavlength perturbations, we choose
a gauge where the first order fluctuations in the (con-
travariant) four-vector field about their background,
u¯µ = ηµ3m/b(t), vanish (i.e. δuµ = 0). This gauge con-
dition is satisfied by fixing,
−δ(uλ) = ∆uλ|1storder
= u¯µ∂µξ
λ − ξµ∂µu¯λ
=
m
b(t)
∂3ξ
λ + δλ3 ξ
0 m
b(t)
Hb. (42)
We shall refer to this as vector field gauge. Using this
gauge allows us to carry over some results from [36] since
the vector field gauge was also used in that analysis.
We find it more convenient to use a modified syn-
chronous gauge,
h0i = h03 = 0 and U
3 = 0, (43)
in the analysis of long wavelength perturbations. This
gauge condition is satisfied by fixing,
−δ(u3) = ∆uλ = m
b(t)
∂3ξ
3 + ξ0
m
b(t)
Hb, (44)
−δ(g0i) = −a(t)h0i = ∆g0i
= −∂0ξi − ∂iξ0 + 2Haξi, (45)
and,
−δ(g03) = −b(t)h03 = ∆g03
= −∂0ξ3 − ∂3ξ0 + 2Hbξ3. (46)
The vector field satisfies the Lagrange multiplier equa-
tion, u2 = m2. This equation and either gauge choice
imply that,
(δgµν)u¯
µu¯ν + 2g¯µν(δu
µ)u¯ν = h33m
2 = 0. (47)
C. Perturbation equations
By the twice-contracted Bianchi identity, conserva-
tion of total energy-momentum density follows from Ein-
stein’s equations. Also, one can check that the equa-
tions of motion for the vector field are equivalent to the
conservation of the vector field stress-energy tensor. In
general, ∇µT (u)µ3 = 0 identically at first order in pertur-
bations, while the other three vector field stress-energy
conservation equations are nontrivial. This—along with
the twice-contracted Bianchi identity—means that there
are only thirteen independent equations. The first order
contracted Bianchi identities can be written as,
8πGδ(∇µ(T (fl)µν + T (u)µν)) = ∇µδEµν , (48)
where,
δEµν ≡ δ(Gµν )− 8πGδ(T (fl)µν + T (u)µν ). (49)
See Appendix A for the full set of equations without
any gauge condition applied.
D. Short wavelength fluid dynamics and Jeans
instability
Einstein’s equations in the very short wavelength limit
(
√
wk ≫ aH) are independent of ρ¯ and the background
metric. Thus, since we use the same gauge as in [36],
the solutions for metric perturbations in the short wave-
length limit found there (and described at the beginning
of this section) apply also to the present case of a perfect
fluid. The fluid pertubations must have the same plane-
wave form as the metric perturbations when the metric
perturbations are non-zero. The fluid stress-energy con-
servation equations relate the metric perturbation ampli-
tudes to the fluid perturbation amplitudes.
In principle, there can also be a non-gravitational fluid
perturbation mode governed by the fluid equations in
flat space. The first order perturbed fluid stress-energy
6conservation equations (in flat space) are:6
0 = (1 + w)~∇ · ~V + ∂tδρ, (50)
0 = w~∇δρ + (1 + w)∂t~V . (51)
We may decompose ~V as:
~V = ~∇Φ+ ~B ; ~∇ · ~B = 0.
Then taking the time derivative of Eq. (50) and the
divergence of Eq. (51) and substituting in for ∇· ~V gives,
(w∇2 − ∂2t )δρ = 0, (52)
while taking the gradient of Eq. (50) and the time deriva-
tive of Eq. (51) and similarly substituting gives,
(w∇2 − ∂2t )~∇Φ− ∂2t ~B = 0. (53)
The solutions for Φ and δρ are plane waves,
δρ = Aρe
iωt±i~k·~x and ~∇Φ = ~AΦeiωt±i~k·~x, (54)
where,
ω2 = w(~k · ~k) and ~AΦ = ∓
√
w
1 + w
~k
|~k|
Aρ. (55)
The divergence-free part of the fluid velocity, ~B, must be
independent of time. We recover the standard result: the
speed of sound of the perfect fluid is
√
w.
In the case of a cosmological constant (w = −1) the
energy density perturbation is independent of space-time
coordinates and thus remains a constant.
Special attention must be paid to the case w = 0. It
was assumed that a∂t ∼ k in the short wavelength analy-
sis of [36], but Eqs. (54) and (55) show that this is not a
valid assumption for modes with non-zero energy density
contrast. If ∂t ∼ Ha,b, then none of the ten Einstein’s
equations, δEµν , nor the fluid energy-density conserva-
tion equations (see Appendix A) constrain δρ in the limit
k ≫ H when w = 0. To find the evolution of δρ, we must
find a k¯-independent linear combination of the equations
that involves δρ. We have found such equations in the
cases k3 = 0 and k⊥ = 0.
When k⊥ 6= 0 and k3 = 0, one finds the following
k¯-independent equation,(
−1
2
(3 + 4ǫ)H2b + 2Hb(1 + 2ǫ)∂t + ∂
2
t
)
δρ
−
(
1
2
(3 + 4ǫ)H2b −
1
2
(3 + 4ǫ)Hb∂t
)
h00 = 0. (56)
6 For a review of hydrodynamics in the absence of gravity see, for
example, [42].
In the short wavelength limit, each of equations (A6) and
(A10) tells us that h00 vanishes; thus for this mode,
δ¨ρ + 2Haδ˙ρ =
(
4πG
(1 + ǫ)
ρ¯
)
δρ. (57)
The solution of this equation is,
δρ = C1t
2/(3+4ǫ) + C2t
−1.
Note that t2/(3+4ǫ) ∝ b(t) and t−1 ∝ Ha,b.
When k⊥ = 0 and k3 6= 0, we find the k-independent
equation,
(−(3 + 4ǫ)(1 + ǫ)H2b + 4Hb∂t + 2∂2t ) δρ
+
(−(3 + 10ǫ+ 4ǫ2)H2b + 2(1 + ǫ)Hb∂t)h00
+
(
3ǫH2b + (3/2− ǫ)Hb∂t +
1
2
∂2t
)
hii = 0. (58)
In the short wavelength limit when k⊥ = 0, Eq. (A11)
implies that h00 vanishes while Eq. (A3) implies that hii
vanishes. Therefore, for this mode the density contrast
evolves as,
δ¨ρ + 2Hbδ˙ρ = (4πGρ¯)δρ. (59)
The solution of this equation is,
δρ = C1t
γ+ + C2t
γ
− ,
where,
γ± =
−1 + 4ǫ± 5
√
1 + 3ǫ(1 + ǫ)(4/5)2
2(3 + 4ǫ)
, (60)
≃
(−1± 5
6
)
− 2
9
(
−4± 7
5
)
ǫ. (61)
In the isotropic limit, ǫ→ 0,
δ¨ρ + 2Hδ˙ρ = (4πGρ¯)δρ, (62)
where H = limǫ→0Ha,b and thus the Jeans instability for
a flat FRW space-time is recovered: δρ ≃ C1t2/3+C2t−1.
The above solutions tell us that, in the anisotropic case,
density perturbations in directions transverse to the di-
rection in which the vector field gets a VEV grow more
slowly while those modes with wavenumber in the par-
allel direction grow more quickly than in the isotropic
case.
E. Long wavlength limit
Having completed an analysis of short wavelength per-
turbations, we now consider the long wavelength limit of
the perturbation equations.
7Recall that Hb is a function of time. In the modified
synchronous gauge, we have the following field equations
in the long wavelength limit,
δE00
1 + ǫ
= −(3 + 4ǫ)H2b (δρ + h00) +Hb∂thjj = 0, (63)
δE0i
a(t)
= (1 + w)(3 + 4ǫ)(1 + ǫ)H2b V
i = 0, (64)
δE03
b(t)
= (1 + w)(3 + 4ǫ)(1 + ǫ)H2b V
3 = 0, (65)
δEij
a(t)2
= δijHb(1 + ǫ)[−w(3 + 4ǫ)Hb(δρ + h00) + ∂th00]
+
1
2
ǫl(iǫj)k
(
(3 + 4ǫ)Hb∂t + ∂
2
t
)
hlk = 0, (66)
2δEi3
a(t)b(t)
= ǫ(3− w(3 + 4ǫ))H2b [(1 + 4ǫ)hi3 + (2 + 4ǫ)U i]
+ (1 + 4ǫ)
[
(3 + 4ǫ)Hb∂t + ∂
2
t
]
hi3 (67)
+ 4ǫ[4(1 + ǫ)Hb∂t + ∂
2
t ]U
i = 0,
δE33
b(t)2
= Hb(1 + ǫ)[−w(3 + 4ǫ)Hb(δρ + h00) + ∂th00]
− 1
2
((3 + 4ǫ)Hb∂t + ∂
2
t )hii = 0. (68)
The fluid equations of motion in the long wavelength
limit are,
−δ(∇µT
µ
0)
ρ¯
= ∂tδρ +
1
2
(w + 1)∂thii = 0, (69)
δ(∇µT µi)
(1 + w)ρ¯a(t)
= [(1 + 2ǫ− w(3 + 4ǫ))Hb + ∂t]V i = 0,
(70)
δ(∇µT µ3)
(1 + w)ρ¯b(t)
= [(1− w(3 + 4ǫ))Hb + ∂t]V 3 = 0. (71)
And the equations of motion for the vector field are,
δ (P0σ∇ρF ρσ)
m
= H2b
[
1− 3w
2
+ 2ǫ(1− w)
]
U0 = 0,
(72)
δ (Piσ∇ρF ρσ)
ma(t)
=
[
H2b ǫw(3 + 4ǫ)− ∂2t
]
(U i + hi3)
+ ǫH2b (U
i − hi3)− (3 + 4ǫ)Hb∂tU i
− (2 + 4ǫ)Hb∂thi3 = 0, (73)
where Pµσ ≡ gµσ − uµuσm2 .
The coupled fields fall into two uncoupled sets
{δρ, h00, hii} and {U i, hi3}, while the remaining degrees
of freedom are uncoupled. The solutions take the form,
δρ(t) = −cρ − c00 1 + w
2w
(a2b)(w−1)/2, (74)
h00(t) = cρ + c00(a
2b)(w−1)/2, (75)
h11(t) = h22(t) + c22 = − 1
1 + w
δρ(t) + c11, (76)
h12(t) = c12 + c˜12(a
2b)
w−1
2 , (77)
hi3(t) =
a
b
(
c
(1)
i3 + c
(2)
i3 (a
2b)
w−1
2
)
+
b
a
(
c
(3)
i3 + c
(4)
i3 (a
2b)
w−1
2
)
, (78)
U i(t) =
a
b
(
−c(1)i3 + c˜(2)i3 (a2b)
w−1
2
)
+ c˜
(4)
i3
b
a
(a2b)
w−1
2 ,
(79)
where,
8ǫc˜
(2)
i3 = c
(2)
i3 (6− (3 + 4ǫ)(w + 1)), (80)
4ǫc˜
(4)
i3 = −c(4)i3
(w − 1)(3 + 4ǫ)(1 + 4ǫ)
((3 + 4ǫ)(w − 1) + 2) . (81)
The constants {cρ, c00, ...} are fixed by initial conditions.
The decaying parts of all comoving perturbations except
hi3 and U
i go as (a2b)
w−1
2 . Special attention must be
paid to hi3 and U
i because each has a term proportional
to a/b = t4ǫ/(3+4ǫ)(1+w) which grows with time.
Consider a gauge transformation of the form (xµ →
xµ + ξµ) where,
ξ0 = ξ3 = 0 and ξi(t, z) = ciz a(t)
2. (82)
By Eqs. (39)-(41), this gauge transformation leaves all
perturbations except hi3 and U
i unchanged. In partic-
ular the modified synchronous gauge conditions remain
undisturbed. The gauge transformation simultaneously
changes U i and hi3 by,
∆hi3 = −ci a
b
and ∆U i = ci
a
b
. (83)
Thus we see that the growing part of both U i and hi3
can be gauged away because of the relative sign of the
terms multiplying a/b in (78) and (79).
Therefore, for w < 1 (true for ordinary matter) all
modes with wavelengths larger than the Hubble radius
decay to a constant. In particular, hi3 and U
i decay to
zero on a characteristic time scale proportional to 1/ǫ.
We recover the generic behavior of flat FRW pertur-
bations in the long wavelength limit. As stated at the
beginning of the section, FRW perturbations on scales
much larger than the horizon have constant and decay-
ing parts.
8For good measure, let us consider the exact correspon-
dence in the w = 0 case. For nonrelativistic, pressureless
(w = 0) matter, the metric is given by (12) with,
a = b ∝ η2 ∝ t2/3, (84)
where η =
∫
dt/a is the conformal time. One can pa-
rameterize scalar perturbations to the FRW metric by
[39],
ds2 = a(η)2
[
− (1 + 2φ)dη2 − 2B,mdxmdη+
((1− 2ψ)δmn − 2E,mn) dxmdxn
]
, (85)
where m,n ∈ {1, 2, 3}. Then the function,
Φ = φ− 1
a
(a(B − E′))′, (86)
where ′ denotes ∂∂η , is gauge invariant. The relationship
between the comoving perturbations, hµν , defined in (33)
and the perturbations defined in (85) in Fourier space is,
ψ =
1
2
(
kmkn
~k2
− δmn
)
hmn, (87)
E =
1
4~k2
(
3
kmkn
~k2
− δmn
)
hmn, (88)
B = i
kn
~k2
h0n, φ =
h00
2
. (89)
In our modified synchronous gauge, B = 0. So, in the
isotropic limit (b → a) when w = 0, we find the Fourier
transformed gauge invariant function to be,
Φ˜ =
h00
2
− 1
4~k2
(
3
kmkn
~k2
− δmn
)
(
a′
a
h′mn + h
′′
mn),
=
cρ
2
+
c00
2
η30
η3
− 1
4~k2
η30
η5
(
3
kmkn
~k2
− δmn
)
× (2η0h′mn(η0) + η20h′′mn(η0)),
=
cρ
2
+
η30
η3
[ c00
2
− |
~kη|−2
4
(
3
kmkn
~k2
− δmn
)
× (2η0h′mn(η0) + η20h′′mn(η0))
]
, (90)
since a ∝ η2. Here we’ve defined a(η0) = 1. In the long
wavelength limit, |~kη| << 1, and so the second term in
the brackets dominates over the first for all times. Thus
we have, in the long wavelength limit,
Φ ∼ C1(~x) + C2(~x)η−5. (91)
This is precisely the functional form found for Φ in a
w = 0 flat FRW universe [39]. One can work out similar
correspondences for other gauge invariant quantities in
the isotropic, long wavelength limit.
IV. OBSERVATIONAL LIMITS
The isotropy of the microwave background was used
to place present-day limits on the density of matter with
general anisotropic stresses in [28].7. If we assume that
the VEV of the vector field, m, was constant from the
time of recombination, then, following [28], we may cal-
culate the temperature anisotropy due to the direction-
dependent evolution of the photon temperature since re-
combination,
Tx1 = Tx2 = T0
a0
a(t)
= T0 exp
[
−
∫ t
t0
Hadt
]
(92)
Tx3 = T0
b0
b(t)
= T0 exp
[
−
∫ t
t0
Hbdt
]
, (93)
by,
δT
T
≡ Tx1 − Tx3
T0
(94)
= exp
[
−(1 + 2ǫ)
∫ t
t0
Hbdt
]
− exp
[
−
∫ t
t0
Hbdt
]
≅ 2ǫ
(
−
∫ t
t0
Hbdt
)
exp
[
−
∫ t
t0
Hbdt
]
≅ 2ǫ
a0
a(t)
log
(
a0
a(t)
)
. (95)
Thus,
δT
T
∣∣
today
≅ 2ǫ(1 + zrec) log(1 + zrec). (96)
Observations show that [44],
δT
T
≤ 10−5. (97)
Taking 1 + zrec ≅ 1100 then we have the limit on ǫ =
4πGm2,
2ǫ . 10−9. (98)
Plugging in (8πG)−1/2 = 2.43× 1018GeV gives the limit,
m . 1014GeV. (99)
Presence of the vector field during inflation also af-
fects the CMB. The analysis in [32], indicates that the
parameter defined in [29], g∗, characterizing deviation of
7 An analysis of the of the cosmological evolution of matter sources
with small anisotropic pressures in various cosmological epochs
was carried out in [28] An anisotropic equation of state for dark
energy was considered in [43].
9the power spectrum from isotropy during the inflationary
era,
P (k) = P¯ (|k|)
(
1 + g∗(kˆ · n)2
)
, (100)
can be measured by the Planck experiment down to a
value of (roughly) 10−2. The parameter g∗ is roughly
equal to ǫ = 4πGm2 [29]. Thus, the vector field could
have had a much larger VEV during inflation than during
recombination (and thereafter) and still escape detection
by Planck. If, however, the vector field has a constant
VEV throughout cosmological history, the limit (99) in-
dicates that the effect of the vector field during inflation
will be undetectable.
Bounds from primordial nucleosynthesis were also con-
sidered in [28]. Primoridial nucleosynthesis limits the
change to the mean expansion rate imposed at the epoch
of neutron-proton freeze-out. If the rate of cosmic expan-
sion during Big Bang nucleosynthesis is slower, then weak
interactions freeze out later, at a lower temperature. A
lower temperature at freeze-out results in a decrease in
the primoridal 4He to H mass ratio, which is constrained
by observation. It was noted in [28] that if the anisotropy
does not decay (or decays very slowly) between the period
of freeze-out and matter-radiation equality, then bounds
from the temperature anisotropy are actually stronger
than bounds from primoridal nucleosynthesis. For ex-
ample, a bound from primordial nucleosynthesis (due to
the difference between the effective Newton’s constant
measured in the solar system versus the effective cosmic
expansion Newton’s constant) on the VEV of a similar
timelike vector field was found; for a normalization sim-
ilar to ours, [14] found m < 1018GeV .
It would also be interesting to consider how a fixed-
norm spacelike vector field modifies gravity in the weak
field limit. Furthermore, it would be interesting to see
whether the direction-dependent Jeans instability that
we found significantly affects structure formation.
V. CONCLUDING REMARKS
In this paper, we considered an anisotropic Bianchi
type I space-time with energy density that is dominated
by that of a perfect fluid with equation of state p = wρ
and whose anisotropy is due to a fixed-norm spacelike
vector field. We derived the background space-time
(Eqs. (12), (28) and (29)),
ds2 = −dt2 + a(t)2dx2⊥ + b(t)2dx23, (101)
Ha(t) =
a˙
a
= Hb(t)(1 + 2ǫ), (102)
Hb(t) =
b˙
b
=
√
8πGρ¯(t)
(1 + ǫ)(3 + 4ǫ)
, (103)
where ǫ ≡ 4πGm2.
We went on to consider first order perturbations about
the background space-time, assuming negligible shear-
stress, and found that the space-time is as perturba-
tively stable as the flat FRW universe. We derived an
anisotropic generalization of the Jeans instability for an
anisotropic w = 0 FRW-like universe. We showed that
energy density perturbations parallel to the direction of
the vector field VEV are governed by Eq. (57),
δ¨ρ + 2Hbδ˙ρ = (4πGρ¯)δρ, (104)
while the perturbations perpendicular to the VEV are
governed by Eq. (59),
δ¨ρ + 2Haδ˙ρ = (4πGρ¯/(1 + ǫ)) δρ. (105)
These equations imply that the (parallel/perpendicular)
perturbations grow at a (faster/slower) rate than the
usual Jeans instability predicts for a flat FRW universe.
We computed the rough limit, m . 1014GeV , assum-
ing the vector field was present during recombination and
thereafter. The effects of the vector field, if present only
during inflation, are much harder to detect. Stronger
bounds might arise from analyzing solar system tests of
gravity, structure formation, or SN1a redshift data.
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APPENDIX A: PERTURBATION EQUATIONS
We Fourier transform the metric perturbations in
space,
hµν(t,~k) =
∫
d3xhµν(t, ~x)e
i~k·~x, (A1)
as well as the energy density contrast, vector field and
fluid velocity perturbations. Because the background
space-time is spatially homogenous, perturbations with
different comoving wavenumbers will evolve indepen-
dently. The physical wavenumbers k¯i,3 are defined in
terms of the comoving wavenumbers by,
k¯i =
ki
a(t)
and k¯3 =
k3
b(t)
. (A2)
The following are the Fourier transformed first-order
field equations, δEµν = δGµν − 8πGδTµν = 0, for
the metric, vector, and fluid perturbations defined
10
in Eqs.(33)-(35). We use the background solution of
Eq. (28) and Eq. (29) to eliminate Ha and ρ¯. In these
equations, repeated {i, j, k, l} indices are summed over
{1, 2} and ~¯k2 ≡ k¯2⊥ + k¯23 .
δE00 = −(3 + 4ǫ)(1 + ǫ)H2b (δρ + h00)− 2iǫHbk¯3U0 − 2(1 + ǫ)Hb
(
ik¯jh0j + ik¯3h03
)
+
1
2
(δij
~¯k2 − k¯ik¯j)hij
− k¯j k¯3hj3 + (1 + ǫ)Hb∂thjj + 1
2
(k¯2⊥ + 2(1 + ǫ)Hb∂t)h33 = 0, (A3)
δE0i
a(t)
= (1 + w)(3 + 4ǫ)(1 + ǫ)H2b (V
i + h0i) + 2iǫHbk¯3U
i + (1 + ǫ)Hbik¯ih00 +
1
2
(δij
~¯k2 − k¯ik¯j)h0j
− 1
2
k¯ik¯3h03 +
1
2
ik¯3 (2ǫHb + ∂t)hi3 +
1
2
(ik¯j∂thij − ik¯i∂thjj)− 1
2
ik¯i∂th33 = 0, (A4)
δE03
b(t)
= (1 + w)(3 + 4ǫ)(1 + ǫ)H2b (V
3 + h03)− 2ǫ~¯k2U0 + 2ǫ(1 + 2ǫ)ik¯iU i + 2ǫik¯i∂tU i + (1 + ǫ)Hbik¯3h00
− 1
2
k¯ik¯3h0i +
1
2
((1 + 4ǫ)~¯k2 − k¯23)h03 +
1
2
(1 + 4ǫ)ik¯j(2ǫHb + ∂t)hj3 − 1
2
ik¯3∂thii + ǫik¯3∂th33 = 0, (A5)
δEij
a(t)2
= −w(1 + ǫ)(3 + 4ǫ)H2b δij(δρ + h00)− 2iǫδijHbk¯3U0 +
1
2
(
k¯ik¯j − δij
(
~¯k2 − 2(1 + ǫ)Hb∂t
))
h00
+ ik¯3δij (2(1 + 2ǫ)Hb + ∂t)h03 − ǫl(iǫj)k
(
ik¯l (2(1 + ǫ)Hb + ∂t)h0k + k¯3k¯lhk3
)
+
1
2
ǫl(iǫj)k
(
k¯23 + (3 + 4ǫ)Hb∂t + ∂
2
t
)
hlk +
1
2
(k¯ik¯j − δij k¯2⊥)h33 − δij
1
2
((3 + 4ǫ)Hb∂t + ∂
2
t )h33 = 0, (A6)
2δEi3
a(t)b(t)
= −ik¯3(2Hb(1 + ǫ) + ∂t)h0i − (1 + 4ǫ)ik¯i(2Hb + ∂t)h03 − k¯3(k¯jhij − k¯ihjj) + k¯ik¯3h00 − k¯23hi3 − 2ǫk¯ik¯3h33
+ (1 + 4ǫ)(~¯k2δij − k¯ik¯j)hj3 + (1 + 4ǫ)
[
(3− w(3 + 4ǫ))ǫH2b + (3 + 4ǫ)Hb∂t + ∂2t
]
hi3 + 4ǫik¯i(2Hb + ∂t)U
0
+ 2ǫ
(
(1 + 2ǫ)(3− w(3 + 4ǫ))H2b + 8(1 + ǫ)Hb∂t + 2∂2t
)
U i + 4ǫ(δij
~¯k2 − k¯ik¯j)U j = 0, (A7)
δE33
b(t)2
= −w(3 + 4ǫ)(1 + ǫ)H2b (δρ + h00)−
1
2
k¯2⊥h00 +
1
2
(k¯ik¯j − k¯2⊥δij)hij − 2ǫk¯ik¯3hi3 + ik¯i(2(1 + ǫ)Hb + ∂t)h0i
− 2ik¯3ǫ(2(1 + 2ǫ)Hb + ∂t)h03 + (1 + ǫ)Hb∂th00 − 1
2
((3 + 4ǫ)Hb∂t + ∂
2
t )hii + 4ǫ(1 + 2ǫ)Hbik¯3U
0 − 2ǫk¯ik¯3U i
+ ǫk¯2⊥h33 + 2iǫk3∂tU
0 + ǫ((3 + 4ǫ)Hb∂t + ∂
2
t )h33 = 0. (A8)
We also have the following equations resulting from the fluid equations of motion,
δ(∇µT (fl)µ0)
ρ¯
= −(1 + w)ik¯iV i − (1 + w)ik¯3V 3 − ∂tδρ − 1
2
(w + 1)∂t(hii + h33) = 0, (A9)
δ(∇µT (fl)µi)
ρ¯a(t)
= wik¯iδρ − (1 + w)((3w − 1 + 2(2w − 1)ǫ)Hb − ∂t)(V i + h0i) + 1
2
(1 + w)ik¯ih00, (A10)
δ(∇µT (fl)µ3)
ρ¯b(t)
= wik¯3δρ − (1 + w)((3w − 1 + 4wǫ)Hb − ∂t)(V 3 + h03) + 1
2
(1 + w)ik¯3h00. (A11)
11
The equations of motion for the vector field are (Pµσ ≡ gµσ − uµuσm2 ):
δ (P0σ∇ρF ρσ)
m
= −H2b
(
1
2
(1− 3w) + 2ǫ(1− w)
)
(U0) + (k¯2⊥ + k¯
2
3)(U
0 − h03) (A12)
− ik¯i((1 + 2ǫ)Hb + ∂t)(U i + hi3) + 1
2
Hbik¯3(h00 − hii)− 1
2
ik¯3∂th33 +Hbik¯ihi3 = 0, (A13)
δ (Piσ∇ρF ρσ)
ma(t)
= −ik¯i(Hb + ∂t)(U0 − h03) + k¯ik¯j(U j + hj3)− ik¯3Hbh0i − (2ǫH2b −Hb∂t)hi3
+
1
2
k¯ik¯3h33 + (H
2
b ǫ(1 + w(3 + 4ǫ))− k¯2⊥ − k¯23 − (3 + 4ǫ)Hb∂t − ∂2t )(U i + hi3) = 0. (A14)
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